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Total marks — 78
Attempt Questions 1 — 7
All questions are NOT of equal value

Answer each section in a SEPARATE writing bookiettra writing booklets are available.

SECTION A (Use a SEPARATE writing booklet)

Question 1 (15 marks)

(@)

(b)

(©)

(d)

(e)

Evaluate
J3 xdx
0 V16+X?
By completing the square first, find
J’ dx
X® +6x+13

Use integration by parts to find
J xe dx

Jco§’9 déa

Find

(1) Find real numbera, B, andC such that

X -4x-1 _ A L Bx+C

L+ 2)(1+ X)) 1+ X B X

X2 —4x-1

(i)  Hence find J—zdx
(1+2x)(1+x“)
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Question 2 (10 marks) Marks

(a) On separate Argand diagrams, sketch the ldefiised by:
(i) 2|7=z+z+2 2
—=\2
iy |7-(2)]z4 2
(i) ~ arg@z—1)- arge+ -7/ . 2
(b) y
NOT TO SCALE
B(6,8)
04 ﬁ5° A(10,2)
e X

A ABC is drawn in the Argand diagram above where
[0 BAC =45°, A andB are the point$10, 2) and (6,8)
respectively.

The length of sid&C is twice the length of sidaB.
Find:

(i) the complex number that the vectdB represents the complex 2
number-4+ 6 ;

(i)  the complex number that the pofdtrepresents. 2

Question 3 (12 marks)

(@) The quadratic equatior’ —x+ K =0, whereK is a real
number, has two distinct positive real roatsand .
() Show thatO < K <% 1
(i)  Show thata” + 82 =1- 2K and deduce that® + 5 >% 2
(i)  Show thati2+Fl2 >8 2
a
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SECTION A continued
Question 3 continued Marks

(b) (i)  Show, using De Moivre’s Theorem, that w, where 3

w=+/2 +i/2 satisfiesz* = -16.
Hence write down, in the form+iy wherex andy are real, all

the other solutions of* = -16.

(i)  Hence writez* +16 as a product of two quadratic factors with 2
real coefficients.

]
i) Showthatw+ @ + 2 + @ _g 2
4 16 64
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SECTION B (Use a SEPARATE writing booklet)

Question 4 (8 marks) Marks
(a) Evaluate
(i) J xv/a— x dx 2
0
i [ ST 2
o V1+x
(b) ()  Using the substitutiom = tang show that 2
2

dx
—— =In2
o 1+ cosx+ Sirx

(i)  Hence, by substituting = 7—27— x evaluate 2

J 757 xdx
o 1+ cosx+ sirx
Question 5 (11 marks)

€)) AY

| | | | | |
—5/—4 3 -2 \c1 1 2\3/ 4 5%
L -1

The diagram is a sketch of the functigr= h(x) for -5< x< 5.
On separate diagrams sketch each of the following:

()  y=h(x+1) 1
N _ 1
(i) y= m 2
iy y=h(x) L
(iv)  y=+yh(x) 2
v y=h(vx) 2
(b) Sketch the curv®y?® = x(x—3) showing clearly the coordinates 3

of any turning point.
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SECTION C (Use a SEPARATE writing booklet)

Question 6 (9 marks)

(i)

(ii)

A firework missile of mas®[2 kg is projected vertically
upwards from rest by means of a force that decseaséormly

in 2 seconds from@newtons to zero and thereafter ceases.

Assume no air resistance and thad the acceleration due to
gravity.

If the missile has an accelerationeom/s’ at timet seconds,
show that

= g(9-5) t<2
- -g t>2

[Hint: Draw a diagram showing the forces on the missile.]
Hence find:
(a)  the maximum speed of the missile;

(B) the maximum height reached by the missile.
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Question 7 (10 marks)

(ii)

(iif)

(iv)

A patrticle of mass 1 kg is projected from a p@nwith a
velocity u m/s along a smooth horizontal table in a medium

whose resistance iBv’ newtons when the particle has velocity
v m/s.Ris a constant, witR > 0.

Show that the equation of motion governing the plartecgiven
by
x=-Rv’

wherex is the horizontal distance travelled frén

Hence show that the velocitym/s, aftett seconds is given by

An equal particleis projected from O simultaneously with the
first particle, but vertically upwards with velocity u m/sin the
SAME medium.

Show that the equation of motion governing the sdquarticle
Is given by
y=-(g+Rv)
whereg m/s’ is the acceleration due to gravity ancepresents
the vertical distance froi® where the particle has a velocity of

v m/s.

Hence show that the velocitym/s of the first particle when the
second one is momentarily at rest is given by

Lt (Ej , whereRa® =g
u a

1
V a

THIS IS THE END OF THE PAPER
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STANDARD INTEGRALS
( n 1 n+1 H
X'dx=—x"", nz-1, xz0,ifn<0
n+1
1
—dx=Inx, x>0
X
( ax 1 ax
e dx==e¥,a#0
a

[ 1 .
cosaxdx=— sinax ,a# 0
a

(. 1
sinaxdx=—-—cosax ,az 0
a

sec axdle tarax ,
a

secax tanatxdx:i seax aZz O
a

1 1. X
———dx==tan"=,a# 0
a+x a a
( 1

X
dx=sin*=,a>0,-a<x<a

Jaz-x? a
J;dx=ln(x+\/x2—a2), x>a>0
d

Jxt-a?
1
_ x:In(x+\/x2+a2)
J'\/x2+a2

NOTE: Inx=log, x, x>0
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1. (a) Method 1:

put w = 16+ z?
[ = Y rdr du = 2xdr
b Vier 22 when = = 0 u = 16
2 _ _
=lf u"idu r=43 u=2
: 16 '
25
1 1
= = Zu] .
2[ : 6’
= 5_4,
= 1.
Method 2:
5 put u? = 16 4+ 22
— udu 2udu = 2xdr
a 4 U when = = 0, u 4
= u]:l T = 3: U 5
i:
= 1.
Method 3:
1 put = = dtand
[ 1703 4 tan # .4 sec? 846 dr — 4aect Bdd
I 4sect ’ when = = 0, § =
= dsec E]m_l% z = 3, f = tan~!
|:| 1
=4 {% -1},
= 1.
Method 4:
put w = z?
[— 1 du du = 2vdz
Sz 0 \‘.-"J_G+u1 when = = 0, w=10
= [ x2x16+u r=3 u=9
= h—-4,
= 1.

Method 5;

- ;f* d(s*)
V1G4

*® 2% 1.-“16+r2]§!

[
5—4,
1.

!



2+Gr+9 +13-9'

- =
f I+3
1 4
5t ( 2 ) + .
e , v=e"
fre dz, : I

—ze® 4+ | e %dz,

E g
(]
-
([l

—xe®—eg T4+,

(d) Method 1:

I=

3 put sinfl = u
fcos . cos Bd8, cosfdd — du

f('l — sin® #). cos Ad8,

(1 —u*)du,

u—Lud+C,
sinf — 1sin® 64 C.

Method 2:

1=

fcosz . cos BdE,

(1 — sin®#).d=iné,
sinfl — 1 sin® 6 4 C.

Method 3:

I=

i =
I =

u = cos? @,

f cos® B, cos AdA,
cos®@sinf + 2 fsin2 # cos Add,
cos® @ sinf + 2 fcost?(l — cos® A)d#,

cos®@sinf + 2sinf — 2 f0083 Adf,

cos? @ sinf + 2sind + ¢,
L{cos?#sind + 2sinf} + C.

w = —2sinf cosd,

v = coad

v = sin#



(e) (i) Method 1:
P —dr —1= Al +2*) + (Bzx+ )1+ 2z).

Put » = —%:
1+2-1= 401,
A= 1.
Also, 2° —dr — 1= A+ 2B+ x(B+ 20+ (A+ )

0 A+2B =1,
1+2B= 1,
2B=10
B=0.

And B+ 20 = —4,

2C = —4,

C= -2

IMethod 2:
r?— 4z —1 A Bx+C

(L+ 22)(1+27) T 12T 2@t
lim {% = lim {A+(BI+C) ,<(1+2I]|},

r——Z 1+ I—r—% .J-+Iz
1 P -
1+ 3
A= 1.
, p? —dr —1 . A _ 5
i {55} = m{ () <4 e e Bec)
141
e Bt
1+ 20 i ]
—2—4i= Bi+C - 2B +2iC,
.. C—2B= —2,
B+20= 4,
2C — 4B = 4,
5B = 0,
B=o,
C= -2

2xdr 9 dx
142z 14 22

1
2
1ln(l +27) — 2tan' » + C.



2. ja) (i) 2/ +e? = +iy+or—iy+2
4yt = 242241,
vt = 4(3)(z+3).

(i) (z+iy)* — (z —ig)?|
|2? + 2iry — y* — (2 — 2ixy — 7))
lizy| :

(1ii)

1




Note that the question was in error: what was meant was AB. Both answers
were accepted, 4 — 6i or —4 + Gi.
= 1. AL _ . .
(i) Method 1: AC = AB x 2 x cis i
= _(4—6i) x 2 x (%+%§)
— (4v/Z + 421 — 64/2i 4+ 64/2)
—10v2 + 24/21.
. C= (104 20) + (—10v2 + 2v/2i) ,
= 10(1 - v2) +2(1+v2)i.

Method2: OC = OA + AB x 2 x cis L

= (104 2i) — (4 — 6i) x 2 x (%,ﬁf,g)
(10 + 2i) — (4v2 + 420 — 61/2i + 6v2) ,
10 + 26 — 10v/2 + 221
10(1—v2) +2(1++2) 4

3. (a) (i) Roots &, 3 positive implies of > 0,
ie. S=0or K >0
Also, for distinet real roots, A = 1 —4K = 0,
1= 4K,
K < ;1—1
So,0 < K < %

(i) a+pB=1

ad = K,
a.z + I.S‘Z - (ﬂ. + .'3)2 _ 2Q’r'3:
= 1-2K.
Method 1:
K < %:

. a®+ B =1 -2 () (“greater than” as we are subtracting “less than"),
ie af + 3 = L

Method 2:
2K = 1—(a® + 5,
o l—(a?+5%) 1
K=—7F—<7

1
—(0® + 3% < -,
et s L



| I af4 @
I

= _rz , (from above).
Now, also from {a\,bove:

o+ 3> 1

28 < (3.

1

5 = 16,

11

S50 ? + ﬁ

!

| .
M) (i) w= 2 (E +—f§) m

W

- 1
= 16 = as

= 8.

= 2cis .

(2c¢is T)*, G

= lécis T,

—16+ 16 % 0,

—16.

" g V2 + /2,
lehy —\_.-"ﬁ-i- \.,-"E’.‘. —_— =
wp = —v/2 — \-"E:':

kg = '.,"rj = \,-"EE".

(ii) 2'+16= (z —v2—V2i) (z - V2+ V2i) (2 + V2 + V2i) (2 + V2 - V),
= (2% — 22z +4) (22 +2v/22 +4).

(iii) Method 1:

W= pig T
", 20154,

wd

NHe

w = 201537‘”,

# = 32cis T,
128cis I,
- ST R

W M Y 90e T 4 9pig 3T is ow jg T
W+ 1 +1E3+E3-:1 Zeis § + 2eis = + 2eis 7 + Zeis

£
I

= w4+ wy + ws + wa, the sum of the roots,
= 0.

Method 2:
Bdw + 16w + 4w’ + w*

5 = (16w(4+ w?) +w®(4+w?)) x 4,

&
= w(lﬁ+u4}(4 +w2} P é_

But 16 4+ w! =0,
cwtr e Y
CETY T8 e



Method 3:

wl= —186,
_1+u3+w5+u?__1+;,.;3+—16w+—15w3
YT T Te . T 16 64
Wt
—w—uJ+T—I:
= (.
Method 4:

2
In the geometric series given, a = w and r =

Lu'2 4
wll—| —
( ( 4 ) ) W (—16)

Sy = 1 2 . note that 556 = 9RG = 1,
4
_ow(l-1)
e
4



(4)(a)(i)joa xv/a—x dx
= J':(a—u)xm(—du)
= joa(a— u)u’? du

= ["(au’* ~u??du

:{@ueﬂ_guaz}
3 5 |

2a? 2a2\/—
= = -="|Ja
5%

432 /A 43%?
= a=
15 15

o (Fsin™x
(||)JO it dx

= Iol((1+ x)_]/2 xsin* x) dx

1_J12\/1+x
0

1-x?

=21+ x sint X

0

Y
:\/577—2 dx
-X

0V1-X

= 27+ 2]2—(1— X ) ¥2dx

= \/§ﬂ+ 2x 2/ 1- x‘z
=\2rr- 4

(20t/1+1?)

u=a-x=x=a-u;dx=-du
Xx=0=u=a
X=a=u=0

dx

(b)(i)Jol+ (e 1)+ (2 51

r 20t
Jol+t?+1-t2+ 2
rt 2dt
J 02+Z
rt dt
Jo1rt

1
_[In|1+t|]o
=In2




4 (b) (ii)

5 (a)

(i)

(ii)

NI

| _J xdx
o 1+ Ssinx+ cox

° Vid
—(—u)du
_ 2

(T Vid
1+ S|n(2—uj+ co{z—uj e e
2 u:E—x:>x:——u; dx =-du
LzT (ﬂ—ujdu T T
2 Xx=0=u=—;x=—=u
1+ cosu+ siru 2 2
0
n Vid
2 ~du s
02l = 2 _ :7_12[2 du _ x|n 2
1+ cosu+ siru o ¥ cos+ sm 2

0

Oy = Tin 2
4
y=h(x+1)

Move the curve 1 unit to the left

_ 1
" "hog
Whereh(x) =0 there are vertical
asymptotes.

Whereh - 0 y - o
Whereh - 0 y - —o0
Whereh = 1, the reciprocal ipointed

ie not smooth.
(See the bottom diagram on the right.)

\




5(a)
(iii)

(iv)

(V)

y=h(x).

Erase the LHS df and then
reflect the RHS, so that the result

is an even function.

y=h(%

First erase the graph where 0.
Where0O<h<1=+h>h
Wherey = 1, the graph ipointed,

ie not smooth.
Wherey = 0, vertical tangents.

y =h(/x)

Domain: x=0
Note that0< x< 4= 0</x < 2

soh(v4)=h(2)=0

The graph for0 < x < 4 will be
the samey values forh over
O0<x<2.

2_
¥ 11
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{ H
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r L
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i
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5 (b)
First draw9y = x(x - 3)
Clearlyx intercepts are at= 0 andx = 3with x = 3 is a double root.

(x-3

y = x(x-3)*/9= z':%(ZX(x— 3)+ k- 3}): (2(+x— 3
Oy =§(x=-3)(3-3)=1 x- k- 3)=1 & - &+ 3

Oy =3(2x-4)

Stationary points whery =0= x=1,3ie (1,£) &(3,0)

Atx=1,y' <0= (L%) is a maximum.
The graph in Fig | is the graph nfThe horizontal line is the ling= 1.

So with :%«/x(x—s)2 , the maximum turning point remains the same exitépt
now (1,2).

Any part of the graph in Fig | below tlxe- axis is not defined for the square root.
WhereO<y<1we get\/? >y and wherey >1 we get\N <y.

Thex = 0 intercept will have a vertical tangent, #we 3 intercept is not smooth. This
is shown in Fig 2.

We need to drawy =+1,/x(x—3)? : the £ means that the top part of the graph will
be reflected.
The final graph is Fig 3. With turning poinf,+2)

- (] w S n m ~
h f N

Figl Figll

Fig 11



Question 6

(i)

0<t<?2 t>2
P
B
: v
e
v
F=9(2-1) After 2 seconds the only
Oma=F-mg=g(2-t)-mg force acting is gravity
Da:M—g Da=-g
or2

Oa=5g(2-t)-g=9(9- %)




8(k) (0 Fov 0ti ey
W _ a5t
% 3(3-59)
| V:Qﬂt -Eq‘t +C,
t:S o Wgﬁfﬁ— 55%1 < xﬁlﬁ’i _23{3+C'3@

Goo

M(u srwej u/l@w a;g(kifSE);:a
& U/“z\@w t- (k—

D

~im@&s,w&e§ V= 2lg m/s
it

03) w}\[w\/{:l )\/:gé(}
fov t22, a=-9§
W
=g
v;»gtmvCL

(,=log = V=1g-gt —E
Fov mex hoghd vee > 1710
me@ U»/L@vt"‘l) Xré‘éﬂ:
F/&fw\ L= iQﬁt "ﬂ;(; +Cy

Whiee £22, 0= 349 5 Ce= 24
= ,

2
x=-4gt. iY lOﬁt - 20g
2 3

(Whee €510, 2= 204 we
3



(&} <_l f
Ry
mx =~ Ry
S m=l =S x = -Rv
@ v - _p
clt
\'s
fd—N; :’RS okt
Ju,v o
TV _
[—VL; “Rt
-l ey =-RU
VoW
g (iet)
@ .
Tree T VRY
oi r
™! 1
W\g:«W\Cj—RV

M=l S y=- (3+\Qv>

R (al-%\/’)
o C
oL R [o\x
a+vT i
w ©
_Rt

M’\a@‘WW Lc\ ot resT



